Sophus

Computing in nilpotent Lie algebras
Version 1.23

February 2006

Csaba Schneider

Csaba Schneider— Email: csaba.schneider@sztaki.hu
— Homepagehttp://www.sztaki.hu/ schneider
— Address: Informatics Laboratory
Computer and Automation Research Institute
The Hungarian Academy of Sciences
1111 Budapest, dgymanyosi u. 11.
Hungary


mailto://csaba.schneider@sztaki.hu
http://www.sztaki.hu/~schneider

Sophus 2

Abstract
Sophus is a GAP 4 package to compute with nilpotent Lie algebras over finite prime fields. In particular, the
package can be used to compute certain central extensions and the automorphism group of such Lie algebras.

Sophus also enables its user to test isomorphism between two nilpotent Lie algebras. The author of the package
used it to construct all Lie algebras of dimension at most 9 Byer
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Chapter 1

The theory

The Sophus package was originally designed to aid the author to classify some small-dimensional
nilpotent Lie algebras over small fields. The classification follows the ideas that were used to classify
small p-groups by O’Brien D'B90]. The theory developed by O'Brien could easily be adopted to Lie
algebras, and the details of this new theory can be foun8ldi][ Here we only summarise the main
ideas, so that the user can understand the procedures implemented in this package. In this section
denotes a finitely generated, and hence finite-dimensional, nilpotent Lie algebra. Suppbdeathat
nilpotency class, and hence the lower central series is as follows:

L=vi(L) >yo(L) =L >vy3(L) >+ > V(L) > Yera(L) = 0.

We say that a basi® = {b,...,b,} for L is compatible with the lower central seriésthere are
indices 1=i1<iy<--- <ic<nsuch thafb;,...,by} is a basis ofi(L) for k€ {1,...,c}. We compute
the structure constants table with respect to this basis, that is, we compute coefﬁﬁefuﬂsl <
i<j<k < nsuch that ]
[bi,bj] = z G!fjbk.
k=]+1
Suppose thdti € yj(L) \ yj+1(L). Then we say that the numbgis theweightof the basis elemett.
Note that in the nilpotent Lie algebtaminimal generating sets have the same size, namely the
dimension oL /L’. If dimL /L’ = d then we calL ad-generator algebraWe call a basi®8 anilpotent
basisif the following hold.

e The basigB is compatible with the lower central series.

e For eachy € B with weightw > 2 there ard;,, bj, € B with weight 1 andv — 1, respectively
such thab; = [bj,,bj,]. The productb,,bj,] is called the definition of;.

A Lie algebraK is said to be aentral extensiorof L if L = K/I for some ideal such that
| <Z(K)NK’. Suppose that denotes the nilpotency classlaf Then a Lie algebr¥ is animmediate
descendanof L if K has class+ 1 andK/ye+1(K) = L. As in this case/;+1(K) < Z(K)NK/, it
follows that an immediate descend#&hts a central extension af. If s= dimy;,1(K) thenK is said
to be astep-ammediate descendant bf

Let L be ad-generator nilpotent Lie algebra with clagssand letF be a free Lie algebra of rank
d. Choose an idedl of F such thatL = F/I. Then the Lie algebrd* = F/[I,F] is called thelLie
coverof L. TheLie multiplicatorin L* is the subspack/[l,F] and theLie nucleuss y.(L*). It clear
from the definition that*/M = L. It is verified in [ScH that, up to isomorphism, the Lie cover, the
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Lie multiplicator and the Lie nucleus are determined by the isomorphism type &urther, each
central extension of the nilpotent Lie algeliras a quotient of the Lie covdr®. Thus it is possible
to obtain all such descendants by first computing the Lie cover; this procedure is explaifet]in [
Similar ideas can be used to compute the automorphism group of a nilpotent Lie algebra, and to verify
isomorphism between two nilpotent Lie algebras; s&&][for details.

The main functions irsophus are thus able to compute

¢ anilpotent basis for a nilpotent Lie algebra;

e the cover of a nilpotent Lie algebra;

o the immediate descendants of a nilpotent Lie algebra;
o the full automorphism group of a nilpotent Lie algebra.

There is also a function in the package to check if two nilpotent Lie algebras are isomorphic. After
repeated applications of the immediate descendants algorithm, it is, in theory, possible to list all
nilpotent Lie algebras of a given dimension over a prime figJdOf course, this computation requires
relatively large computational resources, and quickly becomes unfeasible as the dimension or the
characteristiq grows.

TheSophus package was written for the GAP 4 computer algebra system. In many procedures itis
very important that we can compute the stabiliser of a subspace under some matrix group action. This
is carried out using the procedures implemented inthegrp packagelEO]. Hence this package is
required to rurSophus.

The current version dfophus deals with general nilpotent Lie algebras over finite prime fields.

If you are to compute with Lie algebras obtained from group algebras via the bracket operation, then
another GAP package LAGUNA/BS] may also offer some very efficient methods.



Chapter 2

A sample calculation with Sophus

Before listing the functions Bophus we present a sample calculation to show the reader 8dydtus
is able to compute. We list the isomorphism types of the 7-dimensional nilpotent Lie algebras over
Fs.

There is just one nilpotent Lie algebra with dimension 1 and dimension 2. We als® sebe a

list containing the abelian Lie algebra with dimension 3.
Example

gap> L1 := [ AbelianLieAlgebra( GF(2),
gap> L2 := [ AbelianLieAlgebra( GF(2),
gap> L3 := [ AbelianlLieAlgebra( GF(2),

) 1ii
) 1:;
) 1i;

w N =

Any 3-dimensional non-abelian nilpotent Lie algebra is an immediate descendant of a 2-

dimensional Lie algebra. So we compute the step-1 descendarit$idf and append them tes.
Example

gap> Append( L3, Descendants( L2[1], 1 ));
gap> L3;

[<Lie algebra of dimension 3 over GF(2)>,
<Lie algebra of dimension 3 over GF(2)> ]

Now we compute the list of 4-dimensional Lie algebras. First weldeto contain the 4-
dimensional abelian Lie algebra. Then we compute the step-1 descendants of the 3-dimensional

algebras and append these descendarnis.to
Example

gap> L4 := [ AbelianLieAlgebra( GF(2), 4 ) 1;;
gap> for i in L3 do

gap> Append( L4, Descendants( i, 1 ));

gap> od;

gap> L4;

[ <Lie algebra of dimension 4 over GF(2)>,
<Lie algebra of dimension 4 over GF(2)>,

<Lie algebra of dimension 4 over GF(2)> ]
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We continue this way up to dimension 7.
Example

gap> L5 := [ AbelianLieAlgebra( GF(2), 5 ) 1;;
gap> for i in L3 do

gap> Append( L5, Descendants( i, 2 ));

gap> od;

gap> for i in L4 do

gap> Append( L5, Descendants( i, 1 ));

gap> od;

gap> L6 := [ AbelianLieAlgebra( GF(2), 6 ) 1;;
gap> for i in L3 do

gap> Append( L6, Descendants( i, 3 ));

gap> od;

gap> for i in L4 do

gap> Append( L6, Descendants( i, 2 ));

gap> od;

gap> for i in L5 do

gap> Append( L6, Descendants( i, 1 ));

gap> od;

gap> L7 := [ AbelianLieAlgebra( GF(2), 6 ) 1;;
gap> for i in L4 do

gap> Append( L7, Descendants( i, 3 ));

gap> od;

gap> for i in L5 do

gap> Append( L7, Descendants( i, 2 ));

gap> od;

gap> for i in L6 do

gap> Append( L7, Descendants( i, 1 ));

gap> od;

gap> Length( L7 );

202

gap>

This computation shows that there are 202 pairwise non-isomorphic nilpotent Lie algebras over
Fs.

Let us compute the automorphism group of a nilpotent Lie algebra from our list. We compute this
automorphism group in the hybrid format usedSmphus, then we compute this group as a standard
GAP object.

Example
gap> AutomorphismGroupOfNilpotentLieAlgebra( L7[100] );
rec( glAutos := [ ],
agAutos := [ Aut: [ v.1l, v.l+v.2, v.3, v.4, v.5, v.5+v.6, v.7 ],

Aut: [ v.1l, v.2+v.3, v.3, v.4, v.5, v.6, v.7 1],
Aut: [ v.1+v.3, v.2, v.3, v.4+v.5, v.5, v.6+v.7, v.7 1,
Aut: [ v.1l4v.4, v.2, v.3+v.5, v.4+v.6, v.5+v.7, v.6+v.7, v.7 ],
Aut: [ v.l, v.2+v.4, v.3, v.4+v.5, v.5, v.6+v.7, v.7 ],
Aut: [ v.l1+v.5, v.2, v.3, v.4+v.7, v.5, v.6, v.7 ],
Aut: [ v.1l, v.2+v.5, v.3, v.4, v.5, v.6, v.7 1],
Aut: [ v.1l+v.6, v.2, v.3, v.4+v.7, v.5, v.6, v.7 ],




Sophus

Aut: [ v.l, v.2+v.6, v.3, v.4+v.7, v.5, v.6, v.7 ],

Aut: [ v.1+v.7, v.2, v.3, v.4, v.5, v.6, v.7 1],

Aut: [ v.l, v.2+v.7, v.3, v.4, v.5, v.6, v.7 1,

Aut: [ v.l, v.2, v.3+v.7, v.4, v.5, v.6, v.7 1 1, glOrder := 1,
glOper := [ ], agOrder := [ 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2 ],
liealg := <Lie algebra of dimension 7 over GF(2)>,
one := Aut: [ v.1l, v.2, v.3, v.4, v.5, v.6, v.7 ], size := 4096,
field := GF(2), prime := 2 )

gap>
gap> AutomorphismGroup( L7[100] );
<group with 12 generators>

gap>

Finally let us check that two Lie algebras from our list are not isomorphic.
Example

gap> ArelsomorphicNilpotentLieAlgebras( L7[100], L7[101] );
false




Chapter 3

Sophus functions

3.1 Some general functions to compute with Lie algebras

3.1.1 SophusTest

Q SophusTest ( ) (function)

TestsSophus functions, returns true if it finds no mistakes, and returns false otherwise. May take
a couple of minutes to complete.

3.1.2 IsLieNilpotentOverFp

Q IsLieNilpotentOverFp( L ) (property)

Returns true if. is a nilpotent Lie algebra and its underlying field is a finite prime field.

3.1.3 MinimalGeneratorNumber

{ MinimalGeneratorNumber ( L ) (attribute)

Computes the minimal number of generatorslfpwhich is the dimension df /L".

3.1.4 AbelianLieAlgebra

{Q AbelianlLieAlgebra( F, d ) (function)

Returns the Abelian Lie algebra with dimensidover the fieldr.

3.2 Functions to compute with nilpotent bases

3.2.1 NilpotentBasis

{Q NilpotentBasis( L ) (attribute)

Computes a nilpotent basis fbr Nilpotent bases are defined in Sectibn
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3.2.2 LieNBWeights

Q LieNBWeights( B ) (attribute)

Every element of the nilpotent badishas a weight; See Sectidn This function returns the list
of these weights.

3.2.3 LieNBDefinitions

{ LieNBDefinitions( B ) (attribute)

This function returns a list. The-th element of this listis 0 iB[1] has weight 1. Otherwise the
i-th elementisk, 1] if the definition ofB[i] is [B[k],B[1]]. See Section.

3.2.4 IsNilpotentBasis

Q IsNilpotentBasis( B ) (property)

Returnstrue if the basis of a Lie algebra was computed with the functidhlpotentBasis;
false otherwise.

3.2.5 IsLieAlgebraWithNB

Q IsLieAlgebraWithNB( L ) (property)

Returns true if a nilpotent basis forL has already been computed using the function
NilpotentBasis; false otherwise.

3.3 The cover

3.3.1 LieCover

O LieCover( L ) (attribute)

Computes the cover for the nilpotent Lie algebras defined in Sectioh

3.3.2 CoverHomomorphism

¢ CoverHomomorphism( C ) (attribute)

The nilpotent Lie algebra was obtained from a nilpotent Lie algebrasing thel.ieCover ( L )
function call. This function returns the natural homomorphism froomto .

3.3.3 CoverOf

O CoverOf( C ) (attribute)

The nilpotent Lie algebra was obtained from a nilpotent Lie algebrasing theL.ieCover ( L )
function call. This function returns.
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3.3.4 IsLieCover

{ IsLieCover( C ) (property)

Returnstrue if the Lie algebrac was obtained as the Lie cover of another Lie algehuging the
LieCover( L ) function call.

3.3.5 LieMultiplicator

O LieMultiplicator( C ) (attribute)

The nilpotent Lie algebra was obtained from a nilpotent Lie algebrasing thel.ieCover ( L )
function call. This function returns the central idealcofvhich is the multiplicator of.; see Section
1.

3.3.6 LieNucleus
{ LieNucleus( C ) (attribute)

The nilpotent Lie algebra was obtained from a nilpotent Lie algebrasing thel.ieCover ( L )
function call. This function returns the central idealkofhich is the nucleus df; see Section.

3.4 Automorphisms of nilpotent Lie algebras

We define a special class of automorphisms for our work.

3.4.1 NilpotentLieAutomorphism

{Q NilpotentLieAutomorphism( L, gens, imgs ) (method)

Lis a nilpotent Lie algebragens is a generating set, andgs is a subset of with the same length
asgens. Returns the automorphism ofwhich maps the element géns to the elements ofmgs. It
is the responsibility of the user to make sure that the arguments are given so that the automorphism
exists. These automorphisms can be compared, multiplied usirgsiga, and the inverse of such an
automorphism can also be computed in the usual manner.
3.4.2 IdentityNilpotentLieAutomorphism

{Q IdentityNilpotentLieAutomorphism( L ) (method)

L is a nilpotent Lie algebra; returns the identity automorphist. of

3.4.3 IsNilpotentLieAutomorphism

Q IsNilpotentLieAutomorphism( A ) (property)

Returns true if A was obtained using aNilpotentLieAutomorphism Or an
IdentityNilpotentLieAutomorphism function call.
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3.5 Automorphism group and isomorphism testing

3.5.1 AutomorphismGroup

¢ AutomorphismGroup( L ) (method)
L is a nilpotent Lie algebra; returns the automorphism group a$ a group generated IBAP

algebra automorphisms. The automorphism group is computed as explairsdfin [

3.5.2 AutomorphismGroupNilpotentLieAlgebra

¢ AutomorphismGroupNilpotentLieAlgebra( L ) (method)
L is a nilpotent Lie algebra; returns the automorphism group iof the internally used hybrid

format. The automorphism group is computed as explaine&afi][ The hybrid format, which is
very similar to the one used if:[J], is a record that contains the following fields.

e glAutos: a set of automorphisms which together witiautos generate the automorphism
group;

e glorder: an integer whose product with the numbersdorder gives the size of the automor-
phism group;

e agAutos: a polycyclic generating sequence for a soluble normal subgroup of the automorphism
group;

e agOrder: the relative orders correspondingdgiutos;

e liealg: The Lie algebra acted upon by the automorphisms.
e size: the size of the automorphism group.

e field: the underlying field of the Lie algebra.

e prime: the characteristic of the underlying field.

We do not return an automorphism group in the standard form because we wish to distinguish between
agAutos andglAutos; the latter act non-trivially on the derived quotientlof This hybrid-group
description of the automorphism group permits more efficient computations with it.

3.5.3 ArelsomorphicNilpotentLieAlgebras

{Q AreIsomorphicNilpotentLieAlgebras( L, K ) (method)

Returnstrue if I andk are isomorphicfalse otherwise.

3.6 Descendants

3.6.1 Descendants

{Q Descendants( L, step ) (method)

Returns thest ep-step descendants of a nilpotent Lie algetra
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3.6.2 DescendantsOfSteplOfAbelianLieAlgebra

Q DescendantsOfSteplOfAbelianLieAlgebra( L, step ) (method)

Returns the -step descendants of the abelian Lie algebra with dimernsaefined over the field
of p elements.

3.7 Input and output

The package provides with a number of functions that can be used to store lists of Lie algebras. Here
we document only the most important ones, see the sourceicode for the rest.

3.7.1 WriteLieAlgebraToString

Q WriteLieAlgebraToString( L ) (function)

Returns a string that encodes the nilpotent Lie algebra

3.7.2 ReadStringToNilpotentLieAlgebra

{ ReadStringToNilpotentLieAlgebra( string, p, d ) (function)

Decodesstring into ad-dimensional nilpotent Lie algebra defined over the fielg efements.

3.7.3 WriteLieAlgebraListToFile

Q WriteLieAlgebralListToFile( list, name, file ) (function)

list is a list of nilpotent Lie algebras. Encodes each Lie algebra #t to a string. The list so
obtained is written intdile. The name of this list will be.ame.

3.7.4 SophusBuildManual

Q SophusBuildManual ( ) (function)

Builds Sophus manual.

3.7.5 SophusBuildManualHTML

¢ SophusBuildManualHTML ( ) (function)

Builds Sophus manual in html format.
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